IOP SClence jopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Type IIB flux vacua from M-theory via F-theory

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
JHEPO03(2009)122
(http://iopscience.iop.org/1126-6708/2009/03/122)

The Table of Contents and more related content is available

Download details:
IP Address: 80.92.225.132
The article was downloaded on 03/04/2010 at 10:37

Please note that terms and conditions apply.



http://www.iop.org/Terms_&_Conditions
http://iopscience.iop.org/1126-6708/2009/03
http://iopscience.iop.org/1126-6708/2009/03/122/related
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

PUBLISHED BY IOP PUBLISHING FOR SISSA

I

RECEIVED: December 23, 2008
ACCEPTED: March 7, 2009
PUBLISHED: March 24, 2009

Type IIB flux vacua from M-theory via F-theory

Roberto Valandro
Institut fiir Theoretische Physik, Universitat Heidelberg,
Philosophenweg 16 und 19, D-69120 Heidelberg, Germany

FE-mail: r.valandro@thphys.uni-heidelberg.de
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1 Introduction

One of the most studied and phenomenologically fruitfull set of string vacua is given by flux
compactifications of type IIB string theory on Calabi-Yau orientifolds. In these construc-
tions a lot of phenomenological issues have been achieved, such as moduli stabilization [1, 2],
generation of large hierarchies by warping [1, 3] or by large extradimensional volume [4],
fine-tuning of the cosmological constant [5, 6] (for reviews see [7-9]) The final goal would
be to obtain global type IIB models that describe all experimental observations. This
goal is far to be achieved, even if good local constructions exist [10-14]. In particular the
phenomenologically promising landscape of D7-brane configurations is still not well under-
stood, especially in presence of both bulk 3-form fluxes and worldvolume 2-form fluxes. A
suitable language to describe these constructions is provided by F-theory [15, 16] (see [17]
for a review). Mapping the results from F-theory to usual type IIB theory is not in general
simple. This map will be the main subject of this paper.

F-theory is a geometrical way to describe type I1IB vacua with D7-branes. In presence
of D7-branes the axiodilaton o is generically non-constant on the compact manifold Bg.



Because of its transformation properties under the SL(2,Z) symmetry of type IIB, this
complex field can be associated with the complex structure of a torus, that is fibred over
the compact manifold Bg. This allows to encode the Bg geometric data and the D7-brane
data in an eight dimensional manifold that is a T2-fibration over Bg.

This geometrical description of 4d type IIB configurations can also be understood by
duality with M-theory. Consider M-theory compactified on 7% = S}, x S} with complex
structure o. Reducing M-theory to type IIA on Si, and then T-dualizing along S} we get
type 1IB on Sk, where the radius Rp of S}; is the inverse of R4. The limit in which the
size of T? goes to zero corresponds to the decompactification limit in type IIB (Rp — o).
It is called the F-theory limit. So, if we start from M-theory on an eight dimensional
manifold Yz, that is a T2-fibration over a six dimensional manifold Bg, then we end up
with type IIB on Bg with varying axiodilaton o, given by the complex structure of the
fibre. The deformations of Yg include the geometric moduli of Bg, the axiodilaton and the
motion and recombination of the D7-branes.

The duality between type IIB and M-theory has been extensively used to study type 1B
flux compactifications (see e.g. [3, 6, 18]). For example, instead of considering the 3-form
flux generated superpotential, one can consider the M-theory superpotential generated by
4-form flux on Yz [19]. These methods allowed, for instance, to realize that the D7-brane
moduli are fixed by 3-form fluxes. Actually, in many cases it is simpler to work using
the M-theory language than explicitely in type IIB. This is due to the fact that type IIB
objects with different nature are described in a unified way in M-theory. For example, as
we said, both type IIB geometric moduli and D7-brane moduli are mapped to geometric
moduli in M-theory. Moreover 3-form fluxes and 2-form fluxes are all encoded into 4-form
M-theory fluxes. Deriving results in M-theory is then more immediate when we want to
consider these objects. The non-trivial step can be to map these results to type IIB and
to to take the F-theory limit appropriately. It is then important to take confidence with
the duality map and see how the different type IIB fields are described in M-theory, before
and after the F-theory limit. This is the scope of this work. We will explain in detail
how the duality works in a particular compactification, giving a useful map between the
fields on the two sides. We will consider one largely studied type IIB compactification, i.e.
type IIB on K3 x T?/Zy orientifold (with D7-branes) [20-22], as well as its dual M-theory
compactification on K3 x K3 [3, 23-28]. In this case we are able to find a reliable and
efficient dictionary between the two sides of the duality. The procedure detailed here can
in principle be used in more complicated cases.

We are in particular interested in studying backgrounds with fluxes. We will consider
both 3-form bulk fluxes and 2-form fluxes on the D7-brane worldvolume. As an application
of the duality map that we describe in this paper, we show how the type IIB potential
generated by these fluxes can be obtained by taking the M-theory potential, applying the
map and doing the F-theory limit. In type IIB on CY orientifolds the system with 3-
form fluxes and D7-branes with 2-form fluxes is in general not deeply understood yet. In
M-theory, this system is mapped to geometric background with 4-form fluxes, that are
more easy to control. For this reason, we believe that it is useful to do the check on the
potentials and, in particular, to explain the M-theory origin of different contributions of the



type IIB scalar potential. Starting from the M-theory 4-form flux potential and applying
the duality and the limit, we will obtain precisely the type IIB flux potential found by [21]
in the context of gauged supergravity. This procedure can in principle be used in more
complicated cases, where it is simple to compute the M-theory potential, but difficult to
derive 2-form and 3-form combined flux potential in type IIB. Other times the potentials
are easily derived in both theories, but the minimization is easier on the M-theory side. In
this case the map is useful to translate the results to type II1B. For example in the particular
compactification we have studied, the M-theory language is more usefull to study type I1B
moduli stabilization [28, 29].

Let us summarize the structure of the paper. In section 2, we start with a review
of type IIB on K3 x T?/Zsy (as treated in [21, 22]), in which we focus on the features
that we want to derive by duality from M-theory. In particular we give the form of the
flux potential.

As we have explained above, we have a clean duality between M-theory on K3 x K3
and type 1IB on K3 x T?/Zs x Sg. To obtain the 4d type IIB compactification we have to
send the radius of S} to infinity. On the M-theory side we have to take the limit of zero
fibre size (F-theory limit). For this reason, in section 3 we study the map between these
two backgrounds, before the limit. At first we compactify type I1IB on K3 x T?/Zs x S5.
We list all the 3d fields coming from this compactification. Then we compactify M-theory
on K3 x K3 and relate all the resulting fields to the type I1IB ones. We divide the 3d
spectrum into a set of scalars and a set of vectors and we give the map for both sets. In 3d
a vector is dual to a scalar, so this separation could appear arbitrary. The splitting becomes
clear after the F-theory limit. The effect of this limit on the 3d type IIB fields is simple to
derive. Applying the duality, one can understand the behavior of the M-theory fields under
it. In particular, we see that what we have chosen as 3d vectors combine with 3d scalars to
form 4d vectors. These 3d fields have a slightly different nature in M-theory: the vectors
come from reduction of the three-form C3, while the scalars are metric deformations. This
fact can be used to guess the effects of fluxes on vectors, just looking at the M-theory
potential for the geometric moduli. In fact, we see that switching on some M-theory fluxes
lift the 3d geometric moduli related to the 4d vectors; from this one could guess that the
corresponding vectors get a mass from fluxes. This is precisely what happens: it has been
seen both in type IIB [21, 22] and directly in M-theory [28].

In section 4 we apply the duality map to the flux potential. Thanks to the analysis of
the previous section, we are able to map the 3d M-theory flux potential to the 4d type 1B
flux potential, both in the situation with only 3-form fluxes turned on and when also F, D7
fluxes are switched on. The M-theory full scalar potential has been written down explicitely
and studied in [28]. Applying the duality map to this potential we find the type IIB scalar
potential studied in [21, 22]. We also find that the supersymmetry conditions are the same.

We conclude with some appendices. In appendix A we describe the Heterotic dual of
the set of vacua analyzed in this paper. Heterotic theory Eg x Fg on T° is dual to M-
theory on K3 [30]. This leads to the duality between type IIB on K3 x T2/Z,, Heterotic
on K3 x T?, and M-theory on K3 x K3 in the F-theory limit. Using this duality we will
give the map between the fields described in the paper, and the Heterotic ones. This could
be useful to study flux backgrounds in Heterotic theory.



2 TypeIIB on K3 X T?/Z,

In absence of fluxes, type IIB compactified on the K3 x T?/Zs orientifold gives ungauged 4d
N = 2 supergravity with a certain content of hypermultiplets and vector multiplets [31-
33]. The introduction of 3-form fluxes gauges some isometries of the moduli space by
some vectors at disposal. The supergravity analysis of these flux vacua (found by [20]) is
presented in [21]. In this section we will briefely review their results.

Before the orientifold projection, type IIB on K3 x T2 has N/ = 4 supersymmetries
in 4d. The orientifold action is give by (—1)F£Q,Zs, where the Zs inverts the two coordi-
nates of 72. This introduces orientifold 7-planes, wrapped on K3 and situated at the Z
singularities of T2 /Z,.

After orientifolding, the 4d spectrum is [20, 21] (we write only the bosonic fields):

e 1 gravity multiplet: (gW,Ag);
e 3 vector multiplets: (AL, ') with i = 1,2,3 and ®’ complex scalars;

e 20 hypermultiplets constructed using the 80 scalars e[” (m =1,...,19, i = 1,2,3),
cl(I=1,...22)
and ¢.

Let us see how this spectrum comes from compactification. The 4d metric is obviously
derived by reducing the 4d part of the 10d metric. The four vectors Aff (K =0,...,3)
come from the KK expansion of the type IIB 2-forms By and C5. In fact these fields are
odd under (—1)¥2Q,, and so they must me expanded into forms odd under Z. The vectors
are the result of expanding Bs and Cy on the two odd 1-cycles of T2.

The scalars come from various type IIB fields.

e The three complex scalars in the vector multiplets are denoted by
p=p1+ip2, T=T1 41T, o=Cy+ie 70,

where p; comes from the Cj field expanded on the volume form of K3, ps is the
volume modulus of K3, 7 is the complex structure modulus of T2 and o is the
type IIB axio-dilaton.

e The C1 (I = 1,...,22) scalars in the hypermultiplets come from Cj expanded on
4-forms n; A Volp, where {n;} is a basis of H2(K3) and Volr is the volume form of
T2/ Zs.

e The scalar ¢ is the volume modulus of 7?2 /Zs.

e The 57 scalars €? (b = 1,...,19 and i = 1,2,3), are the metric moduli of K3 that
control its hyperKéhler structure (See appendix B).

The scalars listed above are the moduli of this specific compactification [21].
After orientifolding type IIB on K3 x T2, we are left with four O7-planes, one at each
singularity of T?/Zy. They are wrapped on K3 and span the spacetime directions. This



introduces a D7-charge on T?/Zs, that must be cancelled. This is done by introducing
16 D7-branes wrapped on R'3 x K3. The D7-branes introduce new fields, since on the
worldvolume of each D7-brane, there lives an 8d SYM theory. In 4d, this gives:

e 16 vector multiplets: (Az,zﬁ) with ¥ = 1,...,16, where 2V are the scalars that
parametrize the positions of the D7-branes on T?/Z.

When some of the branes are on top of each others, there is an enhancement of the gauge
group and new massless vector multiplets arise. A special case is when 4 D7-branes are
placed on top of each orientifold plane: then the D7-charge is cancelled locally and the
gauge group is enhanced from U(1)'6 to SO(8)*.

D7-branes and O7-planes wrapped on a curved manifold give a negative contribution
to the D3-charge. In particular, one D7-brane wrapped on K3 gives contribution —1 to
the D3-charge, while an O7-plane gives —2. Hence the total D3-charge of the 16 D7’s and
the 4 O7’s is —24. It can be cancelled by introducing D3 branes or by turning on fluxes.

In fact, the tadpole cancellation condition is'

NER 4+ Np3 =24, where NPR = / H3 A F. (2.1)
K3xT? /7

Nps is the number of D3-branes and Nf?uli is the D3-charge carried by the fluxes. In what

follows, we will take Np3 = 0, as D3 branes would introduce new fields.

2.1 Fluxes and gauging

Turning on 3-form fluxes on K3 x T?/7Z, gauges some isometries of the quaternionic man-
ifold, by the four vectors in the hypermultiplets.

The 3-form flux can be expanded on a basis of harmonic 3-forms of K3 x T?/Z,. We
will consider the basis {n! A dz,n’ A dy} ({n'} is a basis of H?(K3) and (x,y) are the
flat coordinates on T?). H?(K3) is isomorphic to R* with the inner product given by
the wedge product (see (B.3)). We will split the index I = 1,...,22 into i = 1,2,3 and
b=1,...,19, corresponding to taking the basis ! with three positive norm vectors n’ and
nineteen negative norm vectors 1°. We take this basis to be orthonormal and with the
vectors parallel to integral forms.

The expansion of the 3-form fluxes F3 and H3 on this basis are [20]

1
V2

1 o S
H3:_{(ff+f§)77l/\d$—(fé‘f‘fﬁ)??l/\dy-i-(hlf—i—hg)nb/\dx—(hg—i-hg)nb/\dy},

V2

The coefficients are constrained by the requirement that F3 and Hj3 be integral forms. The

By = = {(fi = Fn' Adw+ (fi = fiyn' ndy+ (b = W) P A da + (B — B) P Ay}

fluxes (2.2) have the following charge:?

1
%ﬁz/ HyNFy =5 (f§ = f3+ fi = i —hg+h3 —hi+h3) . (22)
K3XT2/Z2

"'We work in unit where the quantized fluxes have integral coefficients with respect to integral bases.
2We are using the normalization fTQ/ZQ dedy = 1.



The isometries that are gauged are the shift symmetries related to the axions C:
D,C? = 9,C" + hi AK D,C" = 9,C" + fi A (2.3)

with b =1,...,19, ¢ = 1,2,3 and K = 0,...,3. hI}( and f}< are the coupling constants
related to the 3-form fluxes (2.2) [21]. When performing the dimensional reduction, the
kinetic terms for the axions come with these covariant derivatives.

Different choices of the coupling constants give different kinds of vacua:

1. When f;( = 0 Vi, K and hlf’( = 0 Vb, K except hi = (1 and h3 = /5, then the
corresponding configurations have N' = 2 supersymmetries. The vectors that take
mass, because of gauging, are the vector partner of 7 and o.

2. When hl}( =0 Vb, K and f}( = 0 Vi, K except fa = go and f? = g1, then we have
N = 0,1 configurations. In particular we have A" = 1 when gy = ¢1. The vectors
that acquire mass are the graviphoton and the partners of the K3 volume.

3. When all /1, ¢, go and g; are different from zero, then the configuration is still N” = 0
(9o # q1) or N =1 (go = g1), but in this case all the four vectors get mass.

2.2 Scalar potential

In this section we will review the analysis of the scalar potential in the configurations (2)
described above, i.e. {1 = f5 = 0 and gg, g1 different from zero. The full treatment is
presented in [21]. Here we will only report the results.

The potential for the scalar fields can be computed, for abelian gauging, following [32].
Once we express it in terms of the scalars introduced at page 4 and we take hl}( =0Vbh, K,

we get
V = e2? L {4 e’6 <6ij + 26?6?) f}(f}{ XEXH _9 (6ij + e?elj’») f%f}{nKH} , (24)

where ' =diag(+1,+1, -1, 1), IC,I/C\ are defined by

. . 1
K =—logi(p—p) K =—log 52(7’ —T7)i(oc —a), (2.5)
and the X%s are functions of 7 and o
1 1 1 1
X0:§(1—TO') X1:—§(T+O') X2:—§(1—|—7’0) X3:§(T—O'). (2.6)

Taking f3 = go and f = g1 and the others equal to zero, the potential (2.4) becomes
Vo= 20K {4e’< [93|X0|2(1 +2ebeb) + g2 X1 2(1 + 2¢hed) + (2.7)
201 el (XOX 4 XOX)] =2 [0+ ehed) + g1+ )]}

This potential has been proved to be positive definite and to take minima at V' = 0 [21].
This condition is fullfilled by

~0. (2.8)



The extremum condition does not fix the scalars ¢, p, eg and the remaining C1 (C?
with b = 1,2 disappear from the spectrum because of gauging). All these scalars remain
massless.

If go = g1 the vacua preserve N' = 1 supersymmetry. The massless scalars coming
from ¢, p, €} and the remaining C! organize in massless chiral multiplets. If we change the
fluxes such that gy # g1, the vacua do not preserve supersymmetry anymore.

When we turn on also non-zero ¢; and /o, we get a potential also for the scalars eé, e%
and a mass for all the four vectors [21]. If moreover one takes into account also the D7
moduli, the potential, at the extremum of the eg’ scalars, has the following form [22]:

V= e Lack @ X0 4 g [+ X2+ X -2+ D)), (29)

where the expressions for K and XX have been changed to
16 _ 16
- | (2% — 2°)? (y")’
K =—log [5 (2(7’—7’)1(0—0)—Zf = —log |2 TQO’Q—Z 5

1 2 1 1 2 1
XO:—<1—TJ+Z—> X1:—§(T+O') X2:—§<1+T0'—%> X3:§(T—O').

2 2

Here 22 =Y 5(27)? and 2¥ = 2V + iy” are the positions of the 16 D7-branes on 17?2 /Z,.
If we now gauge the remaining isometries by using the gauge fields on the worldvolume
of the D7-branes, the potential (at eé’ = 0) gets a new contribution and becomes

V = 62(156]%{46]% [gg ‘XOF —|—g% {le

16 9
+£§\X2\2+£§\X3\2+Z£§+2(X’9+3‘ ]—2(g§+g%)}, (2.11)
v=1

93 _ 2°
where X 7

3 Type IIB on K3 X T?/Zy x 8! and its M-theory dual

Type IIB on K3 x T? /7 can be seen as the limit of type IIB on K3 x T?%/Zy x S§ when the
radius of S}? goes to infinity. This 3d compactification turns out to be dual to M-theory
on K3 x K3.

In the next section we will study the 3d type IIB spectrum and we will recover the 4d
spectrum by taking the limit Rg — oco. Then we will describe M-theory on K3 x K3 and
we will see what is the dual limit that should give 4d spectrum.

3.1 TypeIIB on K3 x T?/7Z5 x St

Let us take type IIB on K3 x T?/Zy x S}? and consider the resulting 3d spectrum.



We start by considering what are the 3d U(1) vectors (that we will denote by a hat to
distinguish them form the 4d ones):3

e 1 vector g, from the metric g with one index on S}g.

e 4 vectors Aff (K =0,...,3) from By, Cy with one index on T?/Zs.

e 1 vector é4u from Cy with two index on T2 /Zo and one on 8}9.

e 16 vectors Ag (9 =1,...,16) from the 16 D7-branes wrapped on R}? x K3 x S%.

Let us now consider the (real) scalars (again, we will denote the 3d spectrum
with a hat):

e 58 scalars po, éi-’ from the metric on K3.

e 22 scalars C! I =1,...,22 from Cy with two indeces on T2 /Zo and two on a 2-cycle
of K3.
e 3 scalars ¢, 7 from the metric on 72 /Zs.

1 scalar 7#p from the metric on 5113.

2 scalar ¢ from the axio-dilaton.

4 scalars A (K =0,...,3) from By, Cy with one index on T?/Z; and one on S.

32 scalars 27,97 (9 = 0,...,16) from the positions of the 16 D7-branes on T?/Z,.

e 16 scalars fl% (9 =0,...,16) from the D7-brane gauge fields along S5.

Summarizing, we have 58+22+58 = 138 scalars and 22 vectors.

Let us see what happens if we let the S}; radius go to infinity. In this case we recover
type 1IB on K3 x T?/Zy. The Kaluza-Klein modes relative to compactification on S};
become massless, giving the fields the dependence on the fourth coordinate. The scalars
Ag become the fourth component of the vectors Aff , resulting in the 4d vectors Aff . In the
same way Ag and A% combine to give the 4d vectors AZ on the D7-branes worldvolume.
The vector g, and the scalar #p combine to give the 4d metric fluctuations g,,,. The vector
C4, becomes a 4d 2-form that dualizes to the 4d scalar p;. We are left with the 80 real
4d scalars C! ,eg’,qﬁ, with the 3 complex scalars p, 7,0 and with the 16 complex scalars
associated with the D7 positions. We have recovered the spectrum of the section 2. In
particular the Wilson lines disappear from the moduli space, as they become pure gauge
(while the relative propagating degrees of freedom become the fourth component of 4d
vectors). This corresponds to the fact that the limit changes the topology of the space
(from R%! x St to R31).

3In this list we did not include the 22 vectors coming from Cj on 2-cycles of K3 and on Sk. In fact we
will count them among the scalars, as C4 satisfies a self-duality condition that identifies the 22 vectors with
the 22 scalars (we remember that in 3d the vectors are dual to scalars).



3.2 M-Theory on K3 X K3

M-theory is described at low energy by 11d supergravity. The bosonic fields are the metric
and a 3-form Cj.

We compactify M-theory on the 8d manifold K3 x K3. The resulting 3d spectrum is:*

e 58 scalars ell-’ (1 =1,2,3 and b = 1,...,19), describing the hyperKéher structure of
K3, and the volume modulus v.

e 22 scalars C?{ (I =1,...,22) from dualizing the 22 vectors coming from C3 on 2-cycles
of K3.

e 58 scalars €] (j =1,2,3 and ¢ = 1,...,19), describing the hyperKé&her structure of

I’(v?), and the volume modulus 7.
e 22 vectors CYL\ (A=1,...,22) from C5 on 2-cycles of K3.

Again we have 58422458 = 138 scalars and 22 vectors, like in type IIB on K3 xT?/Zs XS};.
In the next section we will explicitly map the fields of the two sets.

The curvature of K3 x K3 induces a negative M2-charge given by W = 24 [34].
This can be cancelled by introducing M2 branes or by fluxes. The M2-brane charge we

find in M-theory is the same as the D7/07-generated D3-charge in type IIB.

3.3 M-Theory/Type IIB duality

M-theory on a torus is dual to type IIB on a circle [30]. In fact, M-theory on Si, x S} is
dual to type IIA on S}l and type ITA on S}l is T-dual to type IIB on Sk, where the radius
Rp is the inverse of the radius R4. This can be extended to M-theory compactified on T2
fibrations when the type IIB dilaton is not constant (see also [17]).

Consider type IIB on M x Sk (with D7-branes wrapping S;). This turns out to be
dual to M-theory on a T? fibration over M, where T2 = 511\4 X S}l. Let us summarize what
happens to the type IIB fields under the two dualities:

1. The metric g along M remains the metric on M.

2. The metric g with one index along S}? becomes ITA By with one leg on S}l. It goes
to C3 with two indices along 772.

3. By with no index along S}? becomes ITA Bj along M. It goes to C'3 with one index
along T2

4. By with one index along S} becomes IIA metric with one index on S}. It goes to
M-theory metric elements with one index on 7 and one on M.

5. Cy with no index along Sé becomes IIA C3 with one index along S}r It goes to
M-theory Cs with one index along 772.

4 Since in 3d a vector is dual to a scalar, the separation of the spectrum in vectors and scalars could
appear arbitrary. In this case, the choice is adapted to the duality map we want to describe. The vectors
are those fields that (after the F-theory limit) will become type IIB 4d vectors.



6. Co with one index along Sé becomes ITA C7 on M. It goes to M-theory metric
elements with one index on 72 and one on M.

7. C4 with one index on S} becomes IIA C3 on M. It goes to M-theory C3 with no
index along T2. (Since Cy has a selfdual field strength, Cy with no index on S} goes
to the same M-theory field).

8. Cj becomes ITA C on S}, that goes to M-theory metric elements on T2

9. The dilaton ¢ becomes a combination of ITA dilaton and the size of S}l. It goes to
M-theory metric elements on 7.

10. The positions of the D7-branes on M become ITA positions of the D6 branes on M
that go to M-theory metric elements describing the fibration of 72 on M.

11. The U(1) A, on the D7-branes, with no index along S}, become IIA A,, on the D6
branes. These go to U(1) coming from C3 expanded along 2-forms with one index on
the base and one on the fibre.

12. The U(1) A, on the D7-branes, with the index along S}, become ITA D6 brane
positions on S}p that go to M-theory metric elements (in particular they determine
the points of T2 where the M-theory cycle degenerates).

Let us explain more explicitely the last three points. The relation between type 1IB
and type IIA is the usual T-duality on one S'. Under that a D7-brane wrapping the S*
goes to a D6-brane localized on S'; the gauge fields living on the D7-branes go to the
gauge fields living on D6-branes and on scalars describing the positions of D6-branes along
the S'. Under the duality between type ITA on a manifold A and M-theory on an S},
fibration over A/ [30, 35] a D6-brane becomes a 7d submanifold of A" over which the circle
811\4 degenerates. So the moduli describing the positions of the D6-branes in the transverse
directions become, in M-theory, the metric moduli describing the fibration. Moreover,
when we have two (or more) D6-branes on top of each others, the fibration develops a
singularity that produces an enhancement of the gauge group.®

Consider now the the duality between type IIB on M and M-theory on a T? fibration
over M. The D7-branes are wrapped on Sé and on a 7d submanifold of M. The dual D6-
branes are localized on S}l and span the 7d submanifold. The positions of the D6-branes in
M are given by the positions of the D7-branes in M, while the positions on S}‘ are given by
the abelian Wilson lines of the D7 gauge fields along S. Then both the moduli describing
the D7 positions and the Wilson lines go to metric moduli in M-theory. If two D7-branes
are on top of each other, the fibration is singular and the gauge group is enhanced to U(2).
To break this group to U(1) x U(1), one can either separate the two D7-branes or switch on
an appropriate Wilson line on Sk; in ITA both of these choices correspond to separating the
D6-branes; in M-theory this is realized by metric deformations that correspond to blowing
up some cycles, resolving the singularity.

®The enhancement of gauge group by singularities has been extensively used to get non-abelian gauge
group in M-theory compactifications on G2 holonomy manifolds [36, 37].
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Explicit map of the fields in the case M = R%*! x K3 x T?/Zs. We now apply
the recipe given before to our case M = R*! x K3 x T?/Zy. We will be able to map the
3d type 1IB fields to M-theory ones.

First, we note that the M- theory T? is fibred only over T?/Zy. The T? fibration over
T?/Zs is a K3, that we will call K3. Hence type IIB on K3 x T2 /7o x S* orientifold is
dual to M- theory on K3 x K: 3, where K3 is an elliptic fibration over CP!.

Requiring K3 to admit an elliptic fibration means that there must exist at least two
algebraic curves embedded in K3: the fibre T2 and the base CPL. These are two 2-cycles
F and B with intersection matrix

0 1
(). o

The Poincaré dual 2-forms, that we will still denote F' and B, must be orthogonal® to the
complex structure w of K3. K3 is an hyperKahler manifold, whose structure and metric
are defined by a 3d positive norm subspace & of HQ(I/{?)) (see appendix B). Up to SO(3)
rotations, it is defined by three vectors w; € HZ(I/(VZ))) (j = 1,2,3), normalized to unit
length. These three 2-forms provide a complex structure and a Kéhler form, up to SO(3)
rotations (we have an S? of possible choices):

&= Wy + iy j=(20)%0s, (3.2)

where 7 is the volume of K3. The condition to be an elliptic fibration means that there
exist two w; orthogonal to F' and B. The holomorphic 2-form is a combination of them.
This selects unambiguously one complex structure among the possible ones.

The metric deformations are the deformations of w; that give a different 3-plane, plus
the volume modulus.

In [29] it is shown explicitly how to associate the complex structure deformations of the
elliptically fibred K3 with the complex structure of 72/Z,, the axio-dilaton and the D7-
brane positions: The vectors in H? (I/{?)) orthogonal to F' and B can be expanded in a basis
of integral forms given by {ei, a, e, 3, Ap, By, Ch, Dy}, with h = 1,2,3,4 (see appendix B
for the definition of this basis), with respect to which the metric has the block-diagonal form

02
20
02 . (3.3)
20
D}
D} is the Cartan matrix of the SO(8)* group.

The basis elements eq, i, e9, 3 can be associated with the 2-cycles constructed by the
two 1-cycles of the base T2/Zo and the two 1-cycles of the fibre T2. Following the recipe
given in [29]:
=dy A dx’

- dy N dy 2~ e Add =dv ANdy, (3.4)

V2 V2 V2

¢ We have introduced the natural metric on H2(I?3) given by the wedge product (see appendix B):

Sl

(0-W) = [0 AW,

— 11 —



IIB em | po | CF 7.6 AT AK AY | @, 7B
M-theory | e | v | C | &},63, 85,63 | V3 et | &3,¢e3,e8,¢3 | ev | v,é3

Table 1. Map between 3d scalars in Type IIB and M-theory.

where z,y are coordinates on the base, while 2,y are coordinates on the fibre.”

The other sixteen cycles are the 2-cycles that shrink to zero when K3 develops an
SO(8)* singularity.

We are now ready to give the explicit map between the fields in the two compactifica-
tions. We will take an elliptically fibred K3 that has an SO(8)* singularity. In particular
we consider deformations of K3 around the point in the moduli space defined by:

(o) ~(0) . .~(o e« (e B ~(o 1
w(>:w§>+w§>:<—5—§>+z<5+5> wg>:_2(3+2p> (3.5)

The 57 deformations of this point are described by the vectors dw;. These vectors are

orthogonal to Y=< &go),@ég),&go) > and can be expanded as:

- (e o o fe 2 B 043~
;= e (51 - 5) +é2 (52 — g) + &3+ 0B, (3.6)

where g3 are 16 vectors orthogonal to < F, B, e, a, ez, 3 >.

The explicit map for the 3d scalars is given in table 1. Let us explain this table. The
first two columns are obvious: they are the metric moduli of K3 in both compactifications.

The third one is due to the point (7) at page 10.

As it can be seen from (1), (8) and (9), the complex structure of 72%/Zy and the
axiodilaton go to M-theory complex structure deformations of the base and the fibre; these
complex structure deformations have been identified in [29] to the deformations of & in the
subspace of HQ(I’(:E’)) given by ey, a, ey, 3, that we have called &1, ¢}, él, &3.

The positions of the D7-branes, relative to the O7-planes, give informations on the
elliptic fibration, and are associated with the complex structure deformations in the space
orthogonal to eq, , e9, 5 [29]. When @ has non-zero components along this space, some of
the shrunk cycles blow up and the singularity changes. This corresponds in type IIB to a
change of the gauge group, due to some D7-branes going far from the orientifold planes.

The scalars A% come from By, Cy with one index on Sk. These are mapped (see (4)
at page 9) to metric elements with one index on the fibre and one on the base. These are
described by the two deformations of w on the < F, B > subspace, and the two deformations
of w3 on the subspace < ey, a, e2, f >. Note that they cannot be mapped to deformations
of w;’s along cycles belonging to the D} block: In fact a general vev for Ag generates a
Wilson line for the 4d vector Aff along S}g; these Wilson lines do not break the gauge group
on the D7-branes as they arise from By and C5. This means that these degrees of freedom
cannot be mapped to deformations of K3 that would change the SO(8)* singularity.

" We are taking a different normalization with respect to [29]. For us fTQ/ZZ dedy =1

- 12 —



I1B Al AV gy | Cu

M-theory | Cfot), 5, €2 ) | ot | &) | Eff)

Table 2. Map between 3d vectors in Type IIB and M-theory.

The scalars fl% go to the deformation of W3 along the vectors of the D}: They give
the positions of the D6-branes (dual to the D7-branes) on the T2 fibre. When some D7-
branes are on top of each other, the fibre torus degenerates. Correspondingly the complex
structure @ is orthogonal to some 2-cycles with topology of S? [29]; this does not mean
that these cycles have shrunk, because they could be not orthogonal to @s.® When it
happens, their sizes (given by w3 moduli) describe the distances between D6-branes in the
degenerate fibre (the fibre degenerates in a collection of S? whose size is given by w3 [38]).
This corresponds precisely to non-vanishing Wilson lines on the D7-branes. In this case
the gauge group is broken; one can see this in type IIB as gauge symmetry breaking due
to abelian Wilson lines and in M-theory from the fact that some cycles have been blown
up and the singularity has been changed.

Finally, the size of S5 and of T?/Zy go respectively to the size of the fibre and of
the base of the fibration. These are given by the volume modulus of K3 and the modulus
describing the rotation on w3 in F, B subspace (i.e. the one giving the relative size of fibre
and base).

The map for the vectors is presented in table 2.

In M-theory, the vectors come all from C3 along 2-cycles of K3. In type IIB they come
from By, (5, from the D7-branes worldvolume, from the metric and from Cj. Because of
(3) at page 9, the vectors coming from Ba, Cy on 1-cycles of T?/Zsy go to the ones coming
from C5 along the 2-cycles associated with these 1-cycles, i.e. e1, a,eq, 5 [29]. (11) at page
10 says that the D7 U(1) gauge fields go to U(1) gauge fields coming from C3 along the
shrinking cycles (the ones giving the D7 configuration [29]). Finally, (2) and (7) say that
g, and Cy, go respectively to C3 along the fibre and C3 along the base.

We conclude this section by a remark. The distinction between the M-theory fields
corresponding to bulk and brane fields is special to the orientifold limit around which we
are expanding. This means that the duality map given above works in a clean way when
we are considering fluctuations of the SO(8)* vacuum, that in type IIB corresponds to four
D7-branes on top of each O7-plane, and in M-theory to K3 having a D} singularity. On
the other hand, if we remain in the weak coupling limit region (i.e. small dilaton), then we
can still trust this map [16].

3.4 F-theory limit and duality in four dimensions

We now derive what happens to the M-theory fields in the F-theory limit, i.e. when we take
the size of the fibre to zero. To obtain this, we apply the map above to the corresponding

2

®The volume of a 2-cycle on K3 is given by p(C2)? =3, sz wi| -
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type IIB limit which we have described at page 8. We remember that the size of the fibre
is mapped under duality to the (inverse) size of S.

First, we note that when the fibre size vanishes, new degrees of freedom must arise to
describe the dependence of the fields on the fourth dimension. They are the dual to the
KK IIB modes along Sé (that in ITA are seen as string winding modes along S}l).

Let us describe the behavior of the M-theory 3d fields in the F-theory limit is the
following. By a field redefinition, we replace the two scalars  and &3 with the scalars related

to the sizes of fibre and base vp,vp, we see that vp combine with the vector Céi)

the 4d g,,,,. The vector Cg(f) becomes a 4d 2-form, that dualizes to a scalar. The vectors
e a e Iéi
C?()ul)7 Cfgu)7 é}f)’ C?()M)

vectors Cg: 3 eat the scalars é

F-theory moduli space. In particular, the last one correspond to D7 Wilson line on S}B, that

to give

eat the scalars &3, &3, é%,, é% and become 4d vectors. Analogously,the

g+3. Then, all these degrees of freedom disappear from the

disappear from the type IIB moduli space, as they become pure gauge. In ITA /M-theory,
sending the fibre to zero makes the D6-brane positions to collapse on top of each other,
making irrelevant if they were separated or not before the limit; the corresponding S?’s
shrink to zero size. In this case, only the complex structure gives the singularity type and
so the gauge group after the limit.

The 4d moduli are then given by the remaining scalars e?, C1 and v form K3, as well

52 s9+3 U+3
762

as é1,¢7,¢é5, 3, €} and vp from K3. The same result has been obtained in [28] by

considering the F-theory limit directly in M-theory.

4 F-theory scalar potential

Introducing background fluxes in M-theory gives a potential for the geometric moduli. In
the case of compactification on K3 x K3, the full scalar potential has been derived and
studied in [28] (the problem of moduli fixing was studied previously in [23-26] using the
Gukov-Vafa-Witten superpotential [19]). We want to relate this potential to the type IIB
supergravity potential studied in [21, 22]. To do this we have to turn on an M-theory flux
that is dual to the type IIB one. Then we take the M-theory potential generated by that
flux and apply the map described so far. We will see that the result is precisely the scalar
potential for gauged 4d supergravity given in [21, 22].

4.1 M-theory potential

Turning on background fluxes for Fy = dC'5 generates a potential for the geometric moduli
of K3 x I/(v?), that can fix some of them. Since we want to use this background to study a
4d compactification of type I1IB, we will consider only 4-form fluxes with two legs on one
K3 and two on the other. A flux completely on one K3 would be mapped to type IIB
vev’s that break 4d Lorentz invariance [3]. This flux can be expanded into a basis® of
H%(K3) © HX(K3):

Fy=G™np Ay (4.1)

9We work in unit where the quantized fluxes have integral coefficients with respect to integral bases.
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F}y gives a contribution to the M2-charge. The cancellation condition for this charge is [34]
K3 x K3 1
Nt + Naga = XS X K)oy where Nyt = / FyAFy (4.2)
24 2 JK3xK3

The potential generated by the flux (4.1) has the following expression [28]:
V= V3~3<ZHIP “w;] +ZHP (G @] H > (4.3)

Let us explain the notation. The norms are relative to the metrics on H?(K3) and H? (I/(v?))
given by the wedge product (see (B.3) in the appendix B). P projects the vectors of H2(K3)
to the subspace orthogonal to all the w;’s. P is defined analogously. G and G* are two
homomorphisms G : HQ(I/(V?)) — H%*(K3) and G*: H*(K3) — HQ(I/{?)) defined as:

G = (G Mpst™) 1 G = (v! My G™)iiy | (4.4)

where v = v/; € H%(X) and & = %)y € H2%(X), and where Myps = (A - Mx) and
Myr = (nr-nJ).
G and G* satisty (v-Gv) = (G - D).

The potential (4.3) is positive definite and its minima are at V' = 0. The volume
moduli ¥ and v are flat directions on the minima. The remaining 57 4+ 57 moduli are
encoded into w; and w; and are generically fixed by fluxes.

We now want to consider the deformations around minima that correspond to type IIB
configurations. They have been studied in [28]. In particular, we will consider deformations
of K3 around the point given by (3.5).

Since we are interested in the 4d type IIB dual scalar potential, we will consider M-
theory deformations that correspond to 4d type IIB scalars, and we will keep fixed the
other ones. Moreover we will turn on Fj fluxes that map to couplings of the type IIB 4d
gauged supergravity.

Map of the fluxes. Let us see how the fluxes are transformed under the duality. In
M-theory the fluxes are expectation values for Fy = dC3. Because of points (3,5,11) of
page 9, when Fj has two indices on one K3 and two on the other one, it is mapped to the
bulk type IIB fluxes F3, H3 and to D7-brane flux Fy (see [17] for details).

Let us focus on the 3-form IIB fluxes F3, H3. The map is given by

F,=F; /\dx'—|—H3/\dy/, (4.5)

where 2/, 7/ are flat coordinates on the T2 fibre. If we insert (2.2) into the expression above,
we get

Fy = {fén’w(—%—%)wéw(%—%)Hﬁn’w<§+e§>+f§niA<§—%2>

hbb/\<_2_e_1> hbb/\<2_e_1> Romb A B, e Ronb A B e

+hon 5 +han 5 5 )T 5 T ) Than 5 3

= {fin" NG} + f nl/\ul—i-flni/\@g—i—fini/\&g (4.6)
FhE P A DO+ BE P Aty + hE a2+hgnbm2},
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where 41 = (9 — §) and 42 = (% — g) are two vectors orthogonal to w{, g, F, B and with

norm —1.

We see that the flux (4.6) is precisely of the form (4.1), where the basis {7a} is given
by {&f, @9, &3, U1, Uz, U, Ugi3}; U = % is vector in < F, B > orthogonal to w¢, and
Uy+3 are other 16 vectors that complete the orthonormal basis.

The formula (4.6) allows us to give the precise matching between fluxes G’ A and gauge

couplings fi, h% (this is the same result found in [23]):

G = f; G =f] G =13 G® = f3
G" = hg G” =1} G" = h} G" = nj (4.7)

and all the other coefficients are zero.

The M2-charge carried by the flux (4.6) is equal to the type IIB D3-charge (2.2), i.e.
NMth — NOR

flux flux*

4.2 M-theory potential around the SO(8)* point

To get the potential (4.3) as a function of the moduli, we have to take a suitable expansion
of the vectors that define the 3-planes > and 3:

~ ~q~o0

w; = alwf + eluy Wj = alwd + St - (4.8)

The basis {7a} has been defined before. We take the orthonormal basis {7} to be also
made up of the 3 positive norm vectors w{ and 19 negative norm vectors u;. The vectors
w{ define a 3-plane ¥ in H?(K3), that is the point in the K3 moduli space around which
we are expanding.

The coefficients af and &g depend respectively on ei-’ and é; once we require w; and w;
to satisfy w; - wy, = i, and W - Wy, = i, that means

Z alal = by + Z ee®  and Z ajat, = djm + Z ESen, - (4.9)
p b q c

We fix the arbitrariness due to SO(3) rotation in ¥ and ¥ by requiring

a? =a}, at=a3=0, aji = a;, ay=a:=0. (4.10)

First, we need to compute P[Gw;] and PG w;):

PGH] =GB — » (wi- G@j)w; PG wi] = Gw; — > (@ - G"@;) @ - (4.11)
i J

Inserting the expansions (4.8) into (4.11), we get:

PG wj] = w +

~q i ~C Yl L
ajG g+ ejG c— E Qnjay,
n

~k ~b ~c b b
ajG L+ ejG c— ZQ@Q] Up
l

PG w;] = 59+

o -
Gyl + Gy = Qi
m

af Gy +elG" = > Qsiégl e, (4.12)
S
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where

P P
Qnj = apa;Gpq + a€5Gpe + ena 1Gpg + € €5Ghe
3 ~q P ~q b
Qmi = al,a?Gpy + al,e;Gpg + 5,0 G, + €5e el G .

The potential is then given by

2m ~qvi | e ak . . 2
1 DY AR S I Sl LI o]
i n ) !

2 2
+> [ PG+ Gy — Z Qmid, } > [a?c:hc +elGy = Qe] } . (4.13)

7.7 /[/76

If we consider the case where G¢ = G =0, GY = gz/—l 5% and G = \é/”iébc, then it takes

the simplified form
V:—%{%gf_l [(a;i) ] ZeQ [(b) +< )}—QZQ } (4.14)

where

Qjm = Z gi_ldéafn + Zébéljefﬂ . (4.15)
i b

We want to compare this potential with the type IIB one [21, 22]. Using the map (4.7),
we write the coefficients of the expansion (4.6) for the 4-form flux in terms of g;_; and ¢3:

fo=g90 fi=q hh=060 hi=10, (4.16)

all the other coefficients vanish.

We start from the flux that in type IIB leads to (2 7), i.e. we take {1 = lo = 0. To get
the potential in terms of the moduli, we write a’ and a a explicitely in terms of!° e and €5
The result is

V= 33 {90 (ef + & + 2¢ie]) + g7 (€3 + & + 2¢363) + 4gogi(e1 - e2) (1 - é) }

T 5 ~ 5 5 2
- —{g (@ +) +t (3+8) 423 (meles + ki) | (117)
b,c

where €2 = >, ele? and (e1 - e2) = Y, €beb, and the same for the tilded quantities.

From the analysis in [28], we know that this flux potential must fix!! w; and ws to w§
and w9, as well as w; and wy to w{ and w§. This is manifest from the form (4.17): V is
positive definite and its minimus is at e?=0 (i = 1,2) and e5=0 (j = 1,2).

3

The condition V' = 0 also fixes &; (j = 1,2). Then fluxes generate a mass term

for them. In type IIB these two scalars are related (see table at page 12) to the fourth

10T heir expressions are given in appendix C
"The condition for (w;,w;) to be a minimum of the potential is that the flux homomorphism G maps
W; to w; and viceversa. With the choice of flux we made (diagonal in the bases w( ), and w( o) Uc) the

(o) 50

condition is obviously satisfied for w; = w;”’ and w; = =w;
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component of two 4d vector fields. This suggests that, because of 4d Lorentz invariance
in type IIB, that the corresponding 4d vectors acquire a mass. In fact, in [28] it has been
shown that the associated M-theory 3d gauge field acquire the same mass as the scalar.
When they combine together in the F-theory limit, the resulting 4d vector is massive. This
mass has also been found in [21] by studying IIB with flux directly. Hence we see that the
M-theory potential also gives informations on type IIB vectors.

From [28] we also know that if gy = g1 then the minima are A/ = 1 supersymmetric in
4d, that is precisely what happens in the type IIB dual (see (2) at page 6).

The last step to find the type IIB expression of [21], is to write the é? moduli in terms
of the type IIB moduli at the SO(8)* point (i.e. 4 D7 on top of each orientifold). We
already have the prescription. The type IIB deformations are encoded into the following
expansion of w [29]:

W= W +iwy = {—g—i-Te—Q—i-aé—i—TUe—l} (4.18)

1
\/To09 2 2 2 2
1 - - - N
= {[(=14 o111 — 09m2)@] + (01 + 71)@0§ + (=1 — o171 + 0972)U1 + (07 — T1)Us]

2./T909

+1 [(0'17'2 + 0'27'1)(7)(1) + (0'2 + Tg)@g + (—0'1T2 — 0'27'1)111 + (0'2 — Tg)ﬂg]} .

w3 is taken to live in F, B subspace, as we are interested in the 4d result: The orthogonal
deformations describe Wilson lines for the type IIB gauge fields that go to zero after the
F-theory limit [28]. The modulus controlling the direction in F, B (&) is the one that is
used to take the F-theory limit. As it is explained in [28] it also goes away from the F-
theory moduli space. This can also be seen by noting that it is mapped to one component
of the 4d metric fluctuations, that we want to keep massless.

With the prescription (4.18), we derive the expression for af, ad and éll’, ég, while we
keep the af and €% as in the appendix C:

1 1

~1 0 ~2 1
a3 = ———— ReX ay = — ReX
! \/T202 ! To02
1 1
~1 0 ~2 1
al — ImX a; = — ImX
2 V7202 2 \/T202
1 1
~1 2 ~2 3
= ReX = — ReX 4.19
T o T e (4.19)
1 1
e = ImX?> e =— ImX?

V7202 \VT202

where X% X' X2 and X3 are the function of 7 and ¢ given in (2.6). We note that at
T =0 =1, the & vanish.

We insert these expressions in the potential above, and we find

_ T 2 21 v0(2 2 21 v1)2 2
V= i {2 RO+ 26 + X P+ 2 (20)

20091 (e1 - e2)(X°X! + XOXY)] = 2[2(1+ ) + 221 + 2)] } .
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If we now consider the expressions (2.5) for K and I/C\, the fact that v = po, and a rescaling
of the potential due to the F-theory limit,'? we arrive precisely to the potential (2.7).

When we turn on non vanishing ¢; and /o, the analysis of [28] tells that not only eq, eo
and €1, éy are fixed, but also e%, e?,, and éé, ég. Applying the duality map, this is translated
to saying that the moduli e}, e} are fixed and that all the four vector fields get a mass.
This is precisely the result of [21, 22], reported at page 7.

We are also able to derive the type IIB formula (2.11). We consider the formula (4.14)
for the potential, and let all the ¢, to be different from zero, except for b = 3 (that
corresponds to have a 4-form flux along F' or B, which would break Lorentz invariance).
We define /g with 8 = 1,...18 such that /g = {;, for b = 1,2 and {g = {1 for b = 4,...,19.

To match with the formula (2.11), we put all €? to zero and we let & vanish.

Then, we have to insert the expressions for d']l. and é; in terms of the type IIB fields.
When we allow for D7-brane movement (i.e. we introduce the D7 moduli), the general form
for w is [29]

5= T4 1 {a+ e2+ ﬂ+< ,2:2>el+z:19~ }
0 =w +iwy = —— 4T =40 To—— | —+—=1 ,
1 2 [TQO’Q — y2/2] 2 2 9 2 2 \/5 943
(4.21)
where 22 =Y, 2727, as well as y2 = yj/y’?. The vectors uyio (¢ =1,...,16) form an

orthonormal basis in the subspace of H?(K3) generated by Ay, By, Ch,, Dy, introduced at
page 11. In [29], 2Y = 2% + iyY have been identified with the positions of the D7-branes
on T2 /7. Indeed, when they are all zero, & is orthogonal to all Ay, By, Cy,, Dy, and K3
develops an SO(8)* singularity. This corresponds to 4 D7-branes on top of each O7-plane
in type IIB language.

From (4.21) we can derive the expansions of w; and ws:

- 1 - -
Wy = —{(—1 + o171 — 091y — Re[2%/2])) &% + (01 + 11) &
2./ To09 — y2/2
L e s (o Rel]
+(—=1— o171 + 022 + Re[27/2]) 41 + (01 — 1)U + 2 3 Uy+3 (4.22)
- 1 - -
Wy = —{(017'2 + oo — Im[2%/2]) &Y + (09 + 72) &5
2/ To09 — y2/2
- N Im[z?] _
(=011 — o9y + Im[2%/2]) 1y + (09 — To)lia + 2 \/[5 ] Ug+3} . (4.23)
Analogously as before, we get
1 1 1
il=———— ReX' &?=—-—o-ReX! @l=——o ImX"
To09 — y?/2 To02 — y?/2 T2 — y?/2
1 1 1
3= ————ImX'! & = ReX? &% =— ReX?
T2 — y?/2 To09 — y?/2 T2 — y?/2
(4.24)

25 ~ vpvp — v% is mapped to UB/R2B. When doing the limit vp — 0 and scaling the coordinate and the

metric to get a 4d finite result, the R% factor disappear form V (vp = e_%).
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1 1
e = ImX? & =— ImX?
Too9 — Y2 /2 oo — Y2 /2
1 1
éll9+3 _ Re[Xﬂ-Hﬂ] ég+3 _ Im[Xﬂ-i-S] ’
Too9 — Y2 /2 Too9 — Y2 /2

9

where X9 X1 X2 X3 are now given by (2.11), and X3 = %

Putting these expressions in (4.14) and taking eé’ = 0 and e§ = 0 as said above, we get
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This is the same expression as (2.11), once we take into account the F-theory limit as
before. The coefficients /g with 3 = 3,...,18 can be associated with type IIB F; flux on
the D7 worldvolume [17, 22]. They are related to M-theory Fj flux in the directions of
cycles controlling the positions of the branes. When they are switched on, they stabilize
all & (c # 3), as one can see from the M-theory analysis [28]. On the other hand, from
type 1IB point of view we have gauged all the isometries with all the gauge fields. In both
cases we conclude that the corresponding gauge fields have taken a non-zero mass.

In conclusion, we have seen how to derive the 4d type IIB flux scalar potential using
the 3d M-theory dual one. We have presented in detail the case of type IIB on K3 x T?/Zs
and M-theory on K3 x K3. We have reported the derivation of the type IIB potential
putting some moduli to zero (for example (4.25) is written after taking e’ = 0), but we
could write down the scalar potential (from M-theory) by keeping all the type IIB moduli
arbitrary. In this way we would get a more complete form for the type IIB potential (we
have not reported this expression here, because we wanted to show the match between
expressions already derived in different theories). So we have seen that, in order to have
the type IIB potential for all the moduli, one simple way is to take the M-theory one and
apply the duality map described in this paper.

We have also seen that the M-theory potential give informations on type IIB vectors.
This happens because the potential depends on the 3d scalars that in type IIB become 4d
vector degrees of freedom. When the corresponding M-theory moduli are stabilized, the
scalars get a mass in M-theory, that signals a mass for the corresponding type IIB vectors.
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A Duality with heterotic Eg X FEg

The map we have studied in section 3.3 can be extended to Heterotic compactification
on K3 x T3. In fact M-theory on K3 is dual to Heterotic Eg x Fg on T% [30]. In this
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duality, the M-theory geometric moduli of K3 are mapped to Heterotic geometric moduli
of T3, to the dilaton, to the axions coming from the 2-form B and to Wilson lines on the
three 1-cycles of T°. The vectors coming from C3 are mapped to the Heterotic vectors plus
vectors coming from the metric and B on T°.

But Heterotic Eg x Eg on T? is also dual to F-theory on K3 [39]. The duality is seen by
taking the decompactification limit of one S* of T2 in the duality above. This corresponds
precisely to the F-theory limit. In particular, one can see that type IIB on T?/Z x 8}3 is
dual to Heterotic on T2 x 8}9. Taking the limit R — oo in both cases leads to the duality
between F-theory on K3 and Heterotic on T72.

Let us see what are the fields coming from compactification of Heterotic theory on
K3 xT?x Sk.

We start by considering what are the 3d U(1) vectors (that we will denote by a hat):

e 2 vector QE and f)’f from the metric g and the 2-form B with one index on S§.

e 4 vectors g;, and B; (¢ =1,2) from the metric g and the 2-form B with one index on
T

e 16 vectors le (¥ =1,...,16) from the 16 U(1) Heterotic gauge fields.
The (real) scalars (again, we will denote the 3d spectrum with a hat) are:
e 58 scalars 1, éll-’ from the metric on K3.

22 scalars B! [ = 1,...,22 from B on K3.

3 scalars 072, from the metric on T2 (respectively volume and complex structure).

1 scalar ¢ from the dilaton.

1 scalar b from B on T2.

1 scalar f% from the metric on S};.

4 scalars g5 and Bfg (c=1,2) from g, B with one index on T? and one on Sj.

32 scalars flf (9=0,...,16 and ¢ = 1,2) from Wilson lines along 72
e 16 scalars fl% (9 =0,...,16) from Wilson lines along S.

Summarizing, we have 22 vectors and 138 scalars.
We can now complete the tables 3.3 and A at pages 12 and 13 with the row cor-
responding to the Heterotic theory on K3 x T? x 8. The map between the scalars is:

The maps between the scalars and the vectors are given respectively in Table 3 and
Table 4.

The F-theory limit corresponds to decompactifying S}? on the Heterotic side. This
limit is trivial as the limit in type IIB. One immediately see that the scalars §%, E% and
A% become the fourth component of the vectors gy, B; and Ag, that become 4d vectors.
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IIB em | po | COF G, 7, AT AE A% | 7

I |51 52 51 52 ~ S943 043 | 53 53 51 52 | 043 | ~
M-theory | e* | v | C3 | €1,€1,€3,€5,0B | €] °, €5 €1,€5,€3,€3 | €3 VR
Heterotic | e | © | B | £,b,$, 07 AY 95,85 | AL |

Table 3. Map between 3d scalars in Type IIB, M-theory and Heterotic theory.

IIB AK Ay | G | Cuy

M-theory | 51, ), ) ciP) | cy+s | sl | of)

Heterotic Gis f)’ﬁ flﬂ 95 B 5

Table 4. Map between 3d vectors in Type IIB, M-theory and Heterotic theory.

The scalar r% combines with the vector gf to give the fluctuations of the 4d metric. Finally,
the vector 95 becomes a 4d 2-form, that is dual to a scalar. One recovers the spectrum of
Heterotic on K3 x T2.

B Some facts on K3

Here, we will only collect the facts that we need; for a comprehensive review on K3 see
e.g. [40]. The Hodge numbers of K3 are well known: h%? =1 and h! = 20.

The metric moduli space of K3 is 58-dimensional. These 58 moduli can be organized
as one modulus v giving the volume of K3 and 57 moduli coming from the hyper-Kéhler
structure. In fact, the metric on K3 is fixed (up to the overall factor, i.e. the volume) once
one gives a three-dimensional plane in H?(K3). This plane is spanned by the three vectors
w;i (i =1,2,3) that give the SU(2) structure of K3. They satisfy the conditions:

/ wi Nwj = 5@']’ . (Bl)

K3

From the w;’s and the volume v, we can construct the Kéhler and holomorphic two-form,
w=uwp + iwsy, Jj=V2vuws. (B.2)

The metric is invariant under SO(3) rotations of the w;. Note that we have throughout
this work used the same letters for two-forms, their associated cohomology classes and the
Poincaré-dual cycles.

The 57 moduli are associated with the deformations of the three-plane ¥ = (w1, wa, ws)
inside the space of 2-forms H2(K3). They are given by the deformations dw;’s of the w;’s
in the space Ry orthogonal to X. Orthogonality is defined using the natural metric:

(v-w)z/ vAw Vou,w e H*(K3) (B.3)
K3

This metric has signature (3,19). On Ry it is negative definite.
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A B C D
1 E7 — Eg —Fi5+Fig | —e2— E1+ Ey | ea+ Eg — Eqg
2 E¢ — E7 —Ey + Ers —Es + E3 Ev — En
3| —e1—E5—FEg | e1 + FEi3+ Ey —E3+ Ey Ev — Eq2
4 Es — FEg —E13+ E1y —E3 — Ey En + Eqs.

Table 5. SO(8)*-cycles in K3.

Any vector in the lattice Ho(K3,7Z) of integral cycles of an elliptically fibred K3 can
be written as

D =p'e" +pjej + qrEr, (B.4)

where 4,j run from zero to three and I,.J from 1 to 16. The p; as well as the p’ are
all integers. The ¢; must fulfill the conditions >, ; ¢qr = 2Z (>, g 1591 = 2Z) and
that VI = 1,...,8 (VI = 9,...,16) the g; are all integer or all half-integer. The only
nonvanishing inner products among the vectors of the basis of Hy(K3) used in (B.4) are

Er-Ej=—61; ei-ej:y'-.

: (B.5)

The cycles which have vanishing periods at the SO(8)* point are given [29] in table 5. One
can check that their intersection matrix is given by the Cartan matrix of Dj.

C Expression of a? in terms of eb

Taking into account the constraints (4.9) and (4.10), we find the expressions of a! in terms

of eb:
a3 = \/1+ €3 ay =a3 =0 al =a3=0
aj = L+ef + /1+ef + e +efes — (e1 - ep)?
\/2+€%+€%+2\/1+€%+€%+6%€%—(61-62)2
o = T+ed+/1+e?+e3+eel — (er-e2)?
\/2+6%+6%+2\/1+6%+€%+6%6%—(61'62)2
a? = al (e1 - e2)

2 pu—

\/2+€%+€%+2\/1+6%+6%+6%€%—(61'62)2
where €2 = >, ele? and (e1 - e3) = 3, eheb.

The expressions for EL;]» are obtained substituting ei-’ with €5
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